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ABSTRACT
A mathematical model was developed to analyze the effects of intracellular diffusion of oxygen and high energy phosphate metabolites on aerobic energy metabolism in skeletal muscle. A simplified chemical reaction rate law for mitochondrial oxidative phosphorylation was developed utilizing a published detailed model of isolated mitochondrial function. This rate law was then used as a boundary condition in a reaction-diffusion model that was further simplified using the volume averaging method and solved to determine the rates of oxidative phosphorylation as functions of the volume fraction of mitochondria, the size of the muscle cell, and the amount of oxygen delivered by the capillaries. The effectiveness factor or ratio of reaction rate in the system with finite rates of diffusion to those in the absence of any diffusion limitations showed that intracellular diffusion limitations of metabolites can be present in very large muscle fibers. Larger muscle fibers with higher volume fractions of mitochondria were limited by the O2 supply and those with lower mitochondria were limited by the ATP production by aerobic metabolism of oxidative phophorylation.
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INTRODUCTION
Quantitative analysis of cellular energy metabolism is critical to understanding both cell function and cell design. For example, an accurate knowledge of the rate of ATP turnover in skeletal muscle as a function of fiber size, mitochondrial density and distribution, and oxygen supply is important to assess changes in muscle as it responds to aging, growth, and metabolic diseases.  In order to develop such an approach a model of the mitochondrial ATP production by oxidative phosphorylation should be coupled to a sufficiently detailed description of the sarcoplasmic ATP consumption and the rate of extacellular O2 supply.  We have considered in previous work the role of inter-mitochondrial diffusion of high energy phosphate metabolites where relatively simple ADP-dependent Michaelis-Menton expressions for ATP production at the mitochondria were utilized (1).  We have also considered the role of O2 transport utilizing empirical and highly simplified expressions for mitochondrial production of ATP as functions of ADP, O2, and inorganic phosphate (Pi) (2,3).  The present work focuses on utilizing a more detailed model of oxidative phosphorylation in the mitochondria within the framework of a reaction-diffusion analysis of intracellular high energy phosphate metabolism in order to assess the role of diffusion constraints on cell design.
 A number of approaches, including the flux based method, flux-balance analysis, and non-equilibrium thermodynamics, have been employed to develop mathematical models for mitochondrial ATP production (4 - 10).  Because of the robust nature of the previously developed non-equilibrium thermodynamics-based model for isolated mitochondria (8) we will focus on modifying and utilizing that model to predict ATP formation in terms of the supply of the key substrates, ADP, Pi, and O2. 
The overall goal of the present work was to determine the effects of diffusion on energy metabolism in a broad range of skeletal muscle fibers through determination of the effectiveness factor (i.e., the ratio of observed reaction rate to the reaction rate where diffusion is infinitely fast) (1,11). In order to do so, we first develop, based upon the published model of oxidative phosphorylation in the mitochondria (8), a reaction rate law for mitochondrial ATP production as a function of ADP, Pi, and O2 concentrations at the external membrane of the mitochondria. This mitochondrial rate law is then employed as a boundary condition for the reaction diffusion model of the metabolic reactions occurring in the sarcoplasm.  Using spatial homogenization techniques (i.e., the method of volume averaging) the reaction-diffusion model is simplified and the resulting system of mass balances is solved to determine the intracellular concentrations of ATP, ADP, Pi, and O2, the reaction rates, and the corresponding effectiveness factors.  The model output, including ATP turnover rate, is thereafter evaluated for a range of cell sizes (spanning 2 to 150 m in radius), mitochondrial densities (1, 10, and 45% of cell volume), and O2 supply concentrations at the capillaries (35.10 M and 7.85 M) [image: image2.png]0?2 = 35.1 uM
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 and these results are used with data for a broad range of animals to predict diffusion limitation using the effectiveness factor.
MODELING METHODS AND FORMULATION

Mitochondrial rate law development
The mitochondrial oxidative phosphorylation model developed by (8) includes 17 chemical species and incorporates 14 adjustable parameters, 10 constants (established from the literature) and two parameters that were set by (8) arbitrarily to extreme values.  Therefore, there are 17 ordinary differential equations representing the mass balances for all of the chemical species.  After fully reproducing the published results from (8), we utilized the ATP transport rate from the mitochondrial matrix to the mitochondrial external membrane (JATPt) (eq. 13 of (8)) as the mitochondrial ATP production rate.  We neglected the role of adenylate kinase in the model because this reversible reaction is close to equilibrium and in our previous work (8) we did not find significant effects of the reversible equilibrium reaction of creatine kinase on the steady-state effectiveness factors (1). We performed a sensitivity analysis (12) of the ATP production rate in terms of all the model output parameters in order to assess the most important model parameters.  Based upon this sensitivity analysis and experimental data from the literature on the effects of O2 and ADP on ATP production we modified some of the model parameters to values different from those utilized by (8).  Finally, utilizing the method of simulated annealing, we developed a rate law to describe ATP production in terms of only O2, ADP, and Pi.
Sensitivity analysis
Sensitivity analysis can be used to determine the model parameters that have a dominating effect on the system (12,13).  The sensitivity coefficient (S.C.) of the species [image: image4.png]


 with respect to the parameter [image: image6.png]


 is defined by
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The system of equations representing the mass balances is of the form
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where fi is the reaction rate function.  The non-dimensionalized S.C. (13) are determined from
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To compute the S.C. the derivative of mass balances with respect to the jth parameter is taken resulting in
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where, J is the Jacobian matrix, B is the matrix of partial derivatives defined by  [image: image18.png]o
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  and [s] represents the sensitivity coefficient matrix. The present case will be restricted to the steady state where the matrix of sensitivity coefficients is determined by 
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 and using the steady-state solution of Eqs. (2). In the present case the sensitivity coefficients of the intermembrane (IM) space ATP concentration is evaluated with respect to all of the adjustable model parameters using a program written in MATLAB v 7.0.
Mitochondrial Model Parameter Modification
Once the parameters that have a dominating effect on the ATP concentration were identified through the sensitivity analysis above, the highest sensitivity parameters were adjusted so that the overall model output (ATP production) matched published experimental results on the effects of ADP and O2 on ATP formation in isolated mitochondria.  Experimental results are typically reported in terms of apparent Vmax and Km (Vm,,app and Km,app respectively) values and therefore the model output was converted to this form using a Lineweaver Burke plot.  The most sensitive parameters were modified so that the resulting Vm,,app and Km,app from the model were close to the published experimental values (14 - 16).  
Once all parameters were set, the next step was to perform simulations of the model over a wide range of concentrations of Pi, O2, and ADP. For a particular case, the concentration of one of the three species (ADP, O2, and Pi) was varied while keeping the other two concentrations constant.  After these computations were performed, the Simulated Annealing (SA) technique was used to fit the isolated mitochondrial model output results to an empirical rate law expression for ATP flux as a function of ADP, O2, and Pi concentrations.  SA, a Monte Carlo (MC) based technique, was originally developed to describe the manner in which liquids freeze or metals recrystallize in the process of annealing (17 - 19).  This methodology has been adapted for many other problems including model-data fitting in general and complex optimization problems (20). To apply SA, the system is initialized with a particular configuration (initial set of fitting constants). A new configuration (new set of fitting constants) is constructed by imposing a random displacement. If the energy (or in our case model-data fitting error) of this new state is lower than that of the previous state, the change is accepted unconditionally and the system is updated. If the energy is greater (or model-data fitting error larger), the new configuration is accepted probabilistically. This is done as follows. If the cost function is greater than a random number generated between 0 and 1, the change is accepted. This is the Metropolis step, the fundamental procedure of SA. This procedure allows the system to move consistently towards lower energy (lower error) states, yet still ‘jump' out of local minima due to the probabilistic acceptance of some upward moves (some of the updates are accepted even though they result in increases in the cost function). Hence this approach is able to determine the global minima. In the present work, the global minimum is represented by the least possible cost function, which is the sum of the squares of error determined as the difference between the model output and the empirical rate law expression.
In the present work, the objective function is the expression for ATP flux as a function of ADP, Pi, and O2. The main objective of this approach is to evaluate the fitting constants that would result in the least cost. The simulated annealing approach employs a Boltzmann type distribution [image: image21.png]{(F(E)= e#5/T}



 where the original analysis of annealing applied to freezing and crystallization and T was temperature, E was activation energy, and A was the Arrhenius constant.  In the present approach A was set to 1. The initial T is set to a high value (approximately one thousand times the initial cost function), and is reduced gradually with increasing iteration number. The T is reduced by 20 percent after every 1000 iterations until the global minimum is reached. In the present work, E refers to the cost function, which is the sum of the squares of the differences between the simulated data (solution to Beard’s (8) model, represented by Eqs.(4)) and the flux computed using the model-fitting constants at a particular Monte Carlo step. Once a Monte Carlo step is executed, and the cost is determined, if the stopping criteria is not met, a new set of parameters is formulated by choosing a number randomly between -1 and 1 and adding it to the parameters from the previous step. This range (-1 to 1) from which a random number will be picked is termed step length. 

The significance of each of the steps in the SA approach is well documented (18). It was observed that the step size, the initial and final temperatures, and the stopping routine have significant effects on the final output. It was also found that if the step size is too small with respect to the final fitting constants, a larger number of MC steps were required to attain the global minima. On the other hand for the case of small step size, a smaller number of MC steps would not result in fitting constants that lead to the global minima. If the step size is too large, a smaller number of MC steps are required but there would be a chance that the fitting constants would be moving farther away from the global minimum. Thus there is a need for the adaptive step size and the stopping rule based on the final cost function and not on the number of MC steps used. 
Some of the techniques for making the step size adaptive and choosing the stopping criteria are available in the literature (18,21,22). The present work employed the technique described in (21) due to the simplicity of approach. 

Reaction-diffusion model
The present study assumes that mitochondria are homogeneously distributed throughout the cell volume. Some of our previous models (23 - 28) did not include O2 because the focus was on inter-mitochondrial ATP reactions and diffusion.  However, we have also used simplified rate laws that included O2 (2,3).  The present work seeks to incorporate a more accurate description of mitochondrial oxidative phosphorylation to predict the concentrations of ATP, ADP, Pi, and O2 and the corresponding overall ATP turnover rates.  The phosphagen kinase reaction is not incorporated within the present model due to previous work that suggests that it has only a minor effect on the steady-state effectiveness factors (1). It is assumed that the O2 delivered to the cell is consumed only by mitochondrial oxidative phosphorylation (29).  The continuity equation for a given species ‘A’ (ATP, ADP, O2, or Pi) in the inter mitochondrial space is given by
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where, [image: image25.png]


 is the concentration of species A in the inter-mitochondrial space, [image: image27.png]


 is the time, [image: image29.png]


 is the diffusion constant in the inter-mitochondrial space, and [image: image31.png]


 is the inter-mitochondrial myofibrilar or “bulk” phase reaction term for species A. ATP consumption in skeletal muscle is dominated by the myosin ATPase and the sarcoplasmic reticulum Ca2+ ATPase during steady state contraction in aerobic muscle, and a variety of other ATPases during the slow aerobic recovery following burst contraction in anaerobic muscle. In the present study, the myofibrillar ATPase reaction rate (RATPase) describes ATP demand during both steady-state contraction in aerobic fibers and post-contractile recovery in anaerobic fibers is described by a Michaelis Menten expression
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 are the Michaelis – Menten constants associated with the ATPase reaction. Due to reaction stoichiometry the ADP and Pi reaction rates are related by [image: image41.png]RATE
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At the mitochondrial boundary, the fluxes are balanced by the net mitochondrial reactions for each participating species by
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where, [image: image45.png]


 is the mitochondrial production or consumption rate for species A (this is the function determined by the SA method discussed elsewhere in this manuscript). The mitochondrial reaction rates for the various species are related through reaction stoichiometry by [image: image47.png]
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Volume averaging
Because many mitochondria are typically present in the cell and we are assuming in this manuscript that they are uniformly distributed we employ a mathematical technique that allows considerable simplification of the analysis and removes the necessity to describe every mitochondrion individually.  The volume averaging technique was introduced by (30) to analyze transport and reaction in multiphase systems. This technique had been applied in wide variety of areas such as reaction-diffusion problems in porous catalysts (31); cell growth in polymer scaffolds (24); gas-solid reactions in corona reactors (32); and cell growth in 3-D constructs (33). The volume averaging approach leads to representation of a system of partial differential equations for species distributed in different phases in a system into a system of equations in terms of averaged, or phase averaged, concentrations.
Detailed descriptions of the method of volume averaging as well as explanation of a number of assumptions in the model development are given in the literature (30 - 33).  Analysis of the case of Michaelis-Menten kinetics boundary conditions was also reported (34). The volume averaged species continuity equations, simplified to one-dimensional rectangular Cartesian coordinates is
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 represents the volume averaged concentration of species A, [image: image53.png]Dag——
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 is the effective diffusion constant for species A (30), [image: image55.png]


 the volume fraction of mitochondria in the muscle cell, [image: image57.png]R4
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 is the volume averaged bulk phase reaction (i.e., the myofibrillar ATPase reaction rate [image: image59.png]R4
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 is the volume averaged effective mitochondrial reaction rate, and x is the spatial position. The reaction rates are related by [image: image63.png]R4TP
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. The stoichiometric coefficient of 0.25 was obtained from (8) by plotting the ratio of the complex IV flux to F1F0-ATPase flux vs the substrates. This ratio was close to 4 in all cases. 


The volume averaged effective reaction rates are given by the following equations: 
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Boundary conditions
The domain for solution of eq. (8) is the radius of the cell, L. Hence the following boundary conditions are employed. At the center of the cell, i.e., at x = 0, the no flux BC is assumed for all the species, i.e., 
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At the cell periphery, i.e., at x = 1, no-flux is assumed for ATP, ADP, and Pi, where 
[image: image77.png]


, where L is the radius of the cell, while O2 is assumed to be delivered into the cell via capillaries at the cell periphery and across the cell membrane. Hence the following equation is used for the O2 flux at the boundary
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where, [image: image81.png]


 is the boundary O2 concentration, and Kmt is a mass transport coefficient that reflects transport across the layer comprised of the capillary wall, interstitial space, and the muscle fiber membrane.

Eqs. 8, together with Eq. 9 and Eq. 10 and the reaction rate function Eq. 5 describe the volume averaged 1-D reaction diffusion model. The system of equations is solved using the Strang splitting technique wherein the Laplacian part is solved using a Backward-Time-Center-Space {BTCS) finite difference technique while the reaction terms are solved using Forward-Euler technique (35). The steady state solutions were then averaged over the length domain to obtain the average concentration. Some numerical difficulties were encountered for the case of low volume fraction, low Km, and low boundary O2 concentration, [image: image83.png]


, and in these cases, determination of the effectiveness factor was more accurately computed using the mitochondrial reaction term than the myofibrial ATPase rate. 
Effectiveness factor
The effectiveness factor (η) is defined as the ratio of average reaction rate with diffusion to the reaction rate with rapid diffusion (11). Effectiveness factors near 1 imply that the reaction rate is not limited by diffusion and the smaller the effectiveness factor the larger the limitation by diffusion. In order to compute the effectiveness factor, the concentrations determined by the solution of eq. (8) were used to determine the reaction rate in the presence of finite diffusion rates and this solution was combined with the results for the case of very rapid diffusion as described in previous work (1 - 3).  A MATLAB program was written to solve the system of equations and compute the effectiveness factor.
RESULTS AND DISCUSSION
Mitochondrial rate law development
The results from our MATLAB program to simulate the isolated mitochondrial oxidative phosphorylation reactions were fully validated with the results published in the literature (the original code was kindly provided by Dr. Daniel Beard to compare with our results). The normalized concentration profiles (not shown here) for NADH were plotted vs. Pi to compare with the published results and the sum of the squares of the error between the output from our code and the original published code was computed and found to be 6X10-10, well below acceptable limits for error.
Fig. 1A and B show sample plots of ATP flux as functions of ADP and O2, respectively, using the isolated mitochondrial model, neglecting the adenylate kinase reaction as described above.  The results clearly show typical Michael-Mention kinetics for the ATP production rate, however further analysis of the model was needed in order to match the apparent Vmax and Km for this model with experimental values from the literature for isolated mitochondria. 

Table 1 shows the results from the sensitivity analysis and the four most sensitive parameters (with normalized sensitivity coefficients greater than 4x10-6) are highlighted in red. The parameters with S.C. values higher than 4x10-6 were assumed to be the most important for control of the ATP concentration in the IM space.   Although the cut-off value of 4x10-6 was set arbitrarily, other computations, not shown here, were performed by increasing and decreasing the value of each parameter by a factor of 100 and showed no significant effect on the Vmax and Km values of parameters with sensitivity coefficients less than 4x10-6.  
Table 1 shows that the parameters kPiHt, xPiHt, xANT, and xC3, have dominating effects on the ATP production rate and modification of these parameters had the largest effects on the ATP production rate, and in turn, the apparent Vmax and Km values. xPiHt and kPiHt are the parameters associated with the Pi transport flux from the mitochondrial matrix to the IM space. xANT, and xC3 are the adjustable parameters for adenine nucleotide translocator (ANT) and complex III fluxes, respectively (8). It should be noted that for a parameter having a negative sensitivity coefficient, increasing that parameter would result in decreasing Vmax. Also, for the parameters with higher values of sensitivity coefficients, small modifications in the parameter would have a large effect on the model output. These parameters were modified to 120, 0.95, 0.86, and 0.0055 respectively for kPiHt, xPiHt, xANT, and xC3 so that the resulting apparent Vmax and Km values were close to the values from published experiments.  
Table 2 shows that the values of Vmax,app and Km,app for ATP flux vs ADP and vs O2, concentrations, using model parameters for cardiac muscle mitochondria in the original study (8) are significantly larger than the corresponding values from experimental studies of skeletal muscle mitochondria available in the literature (14 - 16), while with the modified parameters the Vmax,app and Km,app for ATP flux vs ADP and vs O2 values from the model are close to the experimental data. It is clear that the apparent Vmax and Km values for the modified set of parameters give results very close to those from published experimental data. 

Using the modified parameters shown in Table 2 simulations were performed of the full 17 equation mitochondrial model for a range of concentrations of ADP, O2, and Pi. Fig. 2 (red lines) shows example plots of ATP flux as a function of ADP concentration with varying Pi while keeping the O2 concentration constant. 
Simulations were also performed in order to determine the mitochondrial rate law, an algebraic expression, for ATP production as functions of O2, ADP and Pi. Some of the algebraic functions tested using the simulated annealing methodology involved the product of double exponentials for Pi and Michaelis-Menten forms for ADP and O2 and products of Michaelis-Menten forms for ADP, Pi, and O2. The final expression was chosen based on the final cost or the sum of the squares of the difference between the ATP flux from the simulated data and the algebraic expression. The function in Eq. (5) represents the system with good accuracy and with the lowest cost function. Table 3 lists the fitting constants used in eq. 5 along with their values and units.
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In the following text, ‘simulated data’ refers to results obtained from computation of the system of ordinary differential equations, eq. (2) with modified parameters as discussed above,  while ‘data from expression’ refers to the results obtained using Eq. 5. Fig. 2 shows samplesplots of ATP flux from the simulated data, the data from the expression (eq. 5), and the absolute difference between the simulated data and data from the expression for the case with O2 as substrate. These results show that the proposed algebraic function generally agrees with the results of the solution of the ordinary differential equation model. 
The final cost obtained using eq. (5) with the fitting constants shown in Table 3 was 1.88x10-6. This cost function was based on 3000 data points. The average error between the simulated data and the expression associated with each data point was 2.51 x 10-5 M/s or approximately 25 µM/s, which represents the accuracy of the developed expression. The plots for the other cases are not shown here. These results show that out of the 24 cases of different ADP, O2, and Pi concentrations computed, the expression given by eq. (5) represent 22 cases with high accuracy and the expression was somewhat less accurate at significantly lower concentrations of ADP. The two cases where the developed rate law was less accurate was for ATP flux vs. Pi for low ADP (cost function 35 µM/s) and for ATP flux vs. for low ADP (cost function 33 µM/s). 

Concentration Profiles and Effectiveness Factors
In the present study, the diffusion distance, L, the volume fraction of mitochondria, [image: image87.png]


, the Michaelis-Menten kinetic constants for myofibrilar ATPase, Vmax,ATPase, and Km,ATPase, and the boundary O2 concentrations, [image: image89.png]


 are varied. The diffusion distance (i.e., cell radius) is varied from 25 µm (typical mammalian aerobic fiber) to 150 µm (typical anaerobic fiber from fish white muscle). We used three mitochondrial fractional volumes ([image: image91.png]


 = 0.01, 0.1 and 0.45), two O2 boundary concentrations ([image: image93.png]0% = 35.1 uM



 and [image: image95.png]0% = 7.85 uM



) and two ATPase Km values (Km,ATPase = 0.15 mM and 5 mM).  The Vmax,ATPase was varied from 1 mM/min to 15 mM/min. In the present study [image: image97.png]0% = 35.1 uM



, Km,ATPase = 0.15 mM, and mitochondrial volume fraction [image: image99.png]=0.1



 are termed the base case, i.e., all the other results are compared with this case.

Fig. 3 shows the plots of the steady state concentration profiles of ATP, ADP, Pi, and O2, and the ATPase rate and mitochondrial rate as functions of the non-dimensional spatial position for the base case, using a Vmax,ATPase = 5 mM/min, and L = 150 µm. In these plots, x = 0 refers to the center of the cell while x = 1 refers to the periphery of the cell. As the ATP is consumed, ADP and Pi are produced as shown in plot A of Fig. 3, and there is a significantly higher ATP concentration at the cell periphery (x=1). Similar graphs were plotted for the case of Vmax,ATPase = 5 mM/min, and L = 25 µm though the plots are not included in the present text. 
 Fig. 3 shows that most of the O2 delivered to the cell, for these conditions, is consumed close to the periphery of the cell. In this case, even though the O2 (Fig. 4B) and subsequent mitochondrial production of ATP (Fig. 4C) drop to zero near the center of the fiber, neither the ATP concentration (Fig. 4A) nor the ATPase rate (Fig. 4D) drop to zero throughout the cell (Fig. 4D).  This is because of the relatively low metabolic demand causing the ATP formed by the mitochondria near the boundary to be sufficient to supply the entire fiber.  This implies that in the relative large
 anaerobic fiber depicted in Fig. 3, there is no need to have a large population of mitochondria in the middle of the fiber, since only those at the periphery are active.  This is consistent with the shift in mitochondrial distribution toward the periphery of the fiber that occurs as fibers increase in size during muscle hypertrophic growth (3, 36, 37).  Similar results are observed for different combinations of length scales and ATP turnover rates, where the O2 concentration gradient becomes steeper with increases in diffusion distance and aerobic metabolic rate.
The system of equations (eq. 9 and eq. 10) was solved for each Vmax,ATPase and L and the resulting concentrations and rates were averaged over the length domain to determine the averaged concentrations of species and the averaged mitochondrial rate and myofibrillar ATPase rate (referred to as ATPase rate, RATPase, in the following text). The averaged rates and concentrations are denoted by ‘< >’. For example, the averaged ATPase rate is denoted by ‘<RATPase>’. The effectiveness factor is calculated as the ratio of <RATPase> with a finite rate of diffusion to that with infinitely rapid diffusion for various Vmax,ATPase and L. Fig. 4 shows the averaged ATP concentration with finite diffusion (A), with rapid diffusion (B), and averaged O2 concentration with finite diffusion (C) and with rapid diffusion (D) as a function of cell size, L, and Vmax,ATPase.  Thus, comparison of Fig. 4A and B shows the influence of intracellular diffusion on <ATP>, and comparison of Fig. 4C and D shows the effect of intracellular diffusion on <O2>.  In the presence of finite diffusion, the average ATP and O2 concentrations are reduced at higher Vmax, ATPase or L, while this is not the case for rapid diffusion.  The slight effect of Vmax, ATPase and L on <O2> (Fig. 4D) occurs because in this case, intracellular diffusion was very rapid, but the mass transport coefficient that characterized movement of O2 from the capillary to the cytoplasm was not altered.  When this coefficient is also set very high, the surface in Fig. 4D becomes essentially flat (not shown).  
Fig. 5 shows the corresponding plots of (A) effectiveness factor vs. Vmax,ATPase and L, (B) effectiveness factor vs. averaged ATPase rate and L, (C) averaged ATPase rate with  diffusion vs. Vmax,ATPase and L, and (D) averaged ATPase rate with rapid diffusion vs. Vmax,ATPase and L.  As above, comparison of Fig. 5C and D shows the effect of diffusion on <RATPase>.  The effectiveness factor decreases (indicating diffusion limitation) with increases in Vmax,ATPase and L (Fig. 5A), as would be expected based on the similar decrease in <ATP> (Fig. 4A).  An increase in <RATPase>, which is governed by Vmax,ATPase and <ATP>, induces a similar decrease in the effectiveness factor (Fig. 5B). 
It follows that an increase in Vmax,ATPase and L have a strong effect on the <RATPase> rate due to diffusion limitation (Fig. 5C), whereas this is not the case when intracellular diffusion is rapid (Fig. 5D). 
Effect of mitochondrial volume fraction
Fig. 6 shows the effect of ATPase rate and L on the effectiveness factor for mitochondrial volume fractions of 0.1, 0.01, and 0.45 respectively. These results show that for the highest mitochondrial volume fraction, ([image: image101.png]


 = 0.45; Fig 6C), the effectiveness factor drops at larger ATPase rates and diffusion distances, implying that the ATPase rate is limited by the ATP supply, while for the lowest mitochondrial volume fraction ([image: image103.png]


 = 0.01) (Fig. 6B), the effectiveness factor drops at much smaller ATPase rates and diffusion distances. Thus, increased mitochondrial density expands the surface to accommodate a greater range of ATP turnover rates and fiber sizes.  
When fewer mitochondria are present in the cell, there are lower rates of ATP production by oxidative phosphorylation, resulting in the ATPase rates reaching the “saturation state” at relatively low Vmax,ATPase. As a consequence, the effectiveness factor has a steeper drop at relatively low ATPase rate. In this case the system is limited by ATP. On the other hand, for the case of higher mitochondrial fraction, due to the presence of a larger number of mitochondria, more ATP is produced, resulting in a higher Vmax,ATPase required to attain the saturation state. This results in a flatter effectiveness factor surface or the effectiveness factor dropping at higher ATPase rates. In this case, the ATPase rate is limited by the O2 supply as the presence of more mitochondria implies more O2 consumption.

Effects of Km,ATPase and Boundary O2 concentration
For a fixed mitochondrial volume fraction, larger Km,ATPase is expected to reduce the effective Vmax,ATPase
, resulting in “flattening
” of the effectiveness factor surface. Fig. 7 shows the plots for effectiveness factor vs. L and ATPase rate for [image: image105.png]


 = 0.1 and the high boundary O2 concentration. Fig. 7A and B show that for higher Km,ATPase the effectiveness factor surface ‘flattens” as compared to the base case. This applies to the case of lower boundary O2 concentration as well as shown in Fig. 7(C) and 7(D).
As the boundary O2 concentration decreases, the mitochondrial ATP production rate becomes limited by the supply of O2 and hence the ATPase rate saturates
 at lower Vmax,ATPase. This results in a sharper drop in the effectiveness factor surface. Comparison of the plots in Fig. 8(A) and 8(C), show that the lower the boundary O2 concentration, the sharper the drop
 in effectiveness factor.
Comparison of model with experimental data


Figure 8 shows the effect of <RATPase> and L on ( where experimental data from our own work and the published literature are included for a wide range of muscle types from a variety of organisms.  Fig. 8A constitutes a surface appropriate for highly anaerobic, burst contractile white muscles from fishes and crustaceans.  These fibers have low rates of aerobic ATP turnover and tend to have large fiber diameters that may be hundreds of microns.  Fig. 8B represents fibers with mitochondrial densities that represent up to 10% of the intracellular volume.  This includes both anaerobic and aerobic muscle types.  Fig. 8C comprises largely aerobic muscles with a mitochondrial volume density exceeding 10% of intracellular volume and includes high performance muscles such as insect and hummingbird flight muscles that may have a mitochondrial density that exceeds 40% of the fiber volume.  These fibers tend to have modest dimensions and high aerobic ATP turnover rates.    

One of the striking features of Fig. 8 is that most fibers have a high (, indicating that they are not strongly limited by diffusion.  However, many fibers, regardless of aerobic capacity, tend to reside in positions on the surface that are near a precipitous decrease in (, which is consistent with prior work (Kinsey et al., 2007; Jimenez et al., 2008).  This is despite the fact that the experimental ATP turnover rates were often calculated conservatively, yielding relatively low rates for each muscle type.  Further, the experimental data are plotted on the surface with a (mito that is greater than (most cases) or equal to the mitochondrial fractional volume in the tissue.  That is, the position of data on the surface yields an effectiveness factor that is higher than would be seen if a relatively lower (mito were used (see Fig. 6).  These factors together suggest that many fibers are, if not strongly limited by diffusion, at least near the brink of extreme diffusion limitation.  Further, in fibers that increase in size during animal growth (hypertrophic growth), the fibers only approach the brink of diffusion limitation as adults, meaning that diffusion likely affects muscle developmental trajectories (see Kinsey et al., 2007).  However, it should be noted that the present model assumes a uniform distribution of mitochondria.  We have previously shown that distributional shifts in mitochondria toward the fiber periphery during hypertrophic growth lead to a higher ( and enhanced ATP turnover rates (Hardy et al., 2009).  Thus, fibers may use changes in the distribution of mitochondria as a means of preserving rates of aerobic ATP flux without incurring diffusion limitation.  
The tendency of fibers to be nearly diffusion limited may imply that there is positive selective pressure for fibers to be as large as possible.  Johnston et al., (2003; 2004) proposed that in some fishes this may be a means of reducing costs of muscle basal metabolic rate, since large fibers have a lower surface area per volume of cell over which to maintain ionic gradients.  This may be particularly important in muscle, since it makes up a large fraction of animal body mass.  However, an implication of fibers being nearly diffusion limited is that they are more sensitive to challenges such as hypoxia.  A reduction in blood O2 concentration shifts the position of the effectiveness factor surface, leading to a lowering of ( for a given rate of ATP turnover and fiber size (Fig. 7).  Therefore, fibers that are subject to periodic or chronic reductions in O2 might be expected to have a combination of fiber size and aerobic capacity that make them less likely to become diffusion limited.                  



CONCLUSIONS
The main aim of the present work was to determine the effects of metabolite diffusion and the mitochondrial volume fraction on the cell size. To do so, we developed a simplified algebraic expression for the mitochondrial ATP production rate as a function of ADP, Pi, and O2 concentration.  Such an expression can be used to rapidly assess the effects of metabolic concentrations on ATP flux and was employed as a boundary condition in a reaction diffusion model of the inter-mitochondrial metabolic reactions in the musle cell. Beard’s model (8) of mitochondrial oxidative phosphorylation was utilized and a sensitivity analysis was developed to determine the important model parameters that have dominating effects on the ATP flux.  These parameters were modified in order to determine apparent Vmax and Km values for ATP formation as functions of O2 and ADP that closely match experimental values for isolated mitochondria available in the literature. Simulations were conducted and data fitting was performed based on the simulated annealing approach to develop an algebraic function that describes the numerical solution of the system of 17 ordinary differential equations for mitochondrial oxidative phosphorylation. The mitochondrial rate law developed in the present study predicted ATP production rate for a wide range of ADP, O2, and Pi concentrations with high accuracy while the accuracy was somewhat lower for cases of significantly low ADP concentration. 

The reaction diffusion model was formulated by use of the method of volume averaging to account for all the mitochondria, and the solutions were used to compute the effectiveness factor for various cases. The diffusion limitations of metabolites at larger cell sizes was observed. As the cell size increases, for lower volume of mitochondria, the ATPase rate is limited by the ATP supply where as for higher volume fractions, the ATPase rate is limited by the O2 supply. The simulated results were compared with the experimental data. Most of the fibers with smaller size are not limited by the diffusion of metabolites while as the fiber size increases, the species are limited by the diffusion of metabolites.
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Legend for Figure 8
Fig. 8.  Effect of <RATPase> and L on ( with experimental data from our own work and the published literature for a variety of muscle types.  Three mitochondrial fractional volumes were used to generate the surfaces, where (A) model [image: image110.png]Emite = 0.01



 and experimental data ranged from 0.007 to 0.014, (B) model [image: image111.png]=0.1



 and experimental data ranged from 0.024 to 0.109, and (C) model (mito = 0.45 and experimental data ranged from 0.110 to 0.430.  <RATPase> data was derived from post-contractile phosphagen recovery measurements in muscle or from measurements of O2 consumption in tissue, isolated fibers or isolated mitochondria assuming 22.4 l O2 per mole of O2, an ATP/O ratio of 2.5, and an intracellular water content that was 70% of wet mass.  In cases where direct measurements were unavailable, <RATPase> was calculated from the mitochondrial volume density assuming a sustainable rate of O2 consumption in ml/min/cm3 of mitochondrial volume of 23 and 16 for insect flight muscle (Suarez, 1992), 8.5 for hummingbird flight muscle (Suarez, 1992), 3 for mammals (Schwerzmann et al., 1989), 1 for fishes (S.T.K., unpublished results), 1 for reptiles (Suarez, 1992), 0.5 for crustaceans (calculated from mitochondrial volume densities in Boyle et al., 2003 and unpublished results from S.T.K., and rates of phosphagen resynthesis in Kinsey et al., 2005 and Jimenez et al., 2008).      
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�This sentence is very important but confusing.  Could you clarify what you mean here?


�Is it really necessary to define a “base case”?  I don’t think so, since it is not really referred to that often in the rest of the discussion and all of the relevant model parameters are included in the figure legends anyway.  I would remove reference to a base case.


�Are you sure this paragraph is accurate?  I thought Fig. 3 (base case) had been changed to a L=25 um instead of 150um.


�See comment above.  Are yo u sure Fig. 3 is a large fiber?


�This is an important point, but I don’t fully understand this explanation. It is not clear what data is supporting this conclusion.  Be more explicit in what you mean by the “saturation state” or don’t use that term.  Also, the plots show <RATPase> but you are discussing this in terms of Vmax.  This is confusing and needs a clearer explanation


�How does Km reduce the Vmax.  This doesn’t make sense to me.


�Rather than describing this as flattening, I would say that lower Km leads to a sharper drop in the effectiveness factor, while the drop is more gradual at higher Km.


�Again, I don’t know what you mean here.  Can you explain this a different way?


�I don’t see this.  While  for Km it makes sense that a lower value leads to a steeper drop, for O2 it seems more obvious that lower O2 leads to a reduction in the part of the surface that has a high effectiveness factor.  That is, eff fac drops at a lower RATPase and L when the O2 is lower.
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